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¢. SUBSPACES OF 1,

BY
M. ZIPPIN'

ABSTRACT

It is proved that every subspace of I/, which is an ¥,, space with A close
enough to 1 is isomorphic to /.

A Banach space X is called a %, space (A >1) if for every finite
dimensional subspace E of X there is a finite dimensional subspace F of X
such that E CF and d(F,I}{) =X (here n = dim F and d(A, B), the Banach-
Mazur distance between the isomorphic spaces A and B, is defined by
d(A,B) = inf:{|T|| [T7}|: T an invertible operator from A onto B}). The space
X is said to be a %, space if it is a £, space for some A > 1. For the basic
properties of £, spaces and their important role in the study of the classical
spaces the reader is referred to [S] and [6]. It is easy to see that every L,(u)
spaceisa ., , space forevery A > 1 but the family of ¥, spaces is much richer
than the family of L,(u) spaces (see [4]). Even the space [, in spite of being a
very “small”” %, space, contains .¥, subspaces which are not isomorphic to /.
Indeed, as is shown in [3], if {e.} denotes the unit vector basis of I, and
Xn = €n — (€1 + €2042), then X = span{x,}is a £, .. space for each ¢ >0 but
X is not isomorphic to /.

The purpose of this paper is to show that every %, subspace of [, is
isomorphic to [, if A is close enough to 1. More precisely,

TueorEM. Let X be a subspace of |, and assume that X is a £, space with
A =1.02. Then X is isomorphic to l,.

Our main tool is the following recent result of L. E. Dor,

ProrosiTiON 1 (cf. [1] Theorem A). Let E be a finite dimensional sub-
space of I, and assume that d(E,l7) = A where A < 2%, Then there is a projection
P of I, onto E with ||P|=A[1-Q+2H(1—-A"H]™"
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We also need

ProposiTION 2 (cf. Proposition 1 of [2]). Let 1=, 8§ <2 and let {x;}}-, be
elements of I, satisfying

/\_IE]:Iaj| = iXj = Zla,»[
for all sequences {a;}{-, of scalars. If there is a projection P of 1, onto
span{x;}j-, with ||P|-A =0, then there are mutually disjoint sets {A;}}-, of
integers such that for each j, [[Sicax;(i)e.||Z 207" — 1, where {e;}T denotes the
unit vector basis of 1,.

Combining Proposition 1 and Proposition 2 we get the following

ProposiTION 3.  Let E be a finite dimensional subspace of I, let A > | satisfy
the inequality A*[1-(Q2+2h(1-A")]"'<2 and let {x;}]., be a basis of E
satisfying

2 |= §2’:|ai|

Jor all sequences a,, a,,- - -, a. of scalars. Then there exist mutually disjoint sets
Ay, Az, - -+, A, of integers such that for each j, 1 =j = n, |Zicax;(ie — x| S &
where x(i) denote the i-th coordinate of the element x €1, and ¢ =
2=-2[1-Q2+2%(1-A YA

ProoF oF THE THEOREM. Since X is separable, there is a sequence {X,} of
finite dimensional subspaces of X such that

Xy CXowry X = U X, and d(X,, 14"y = A (d(n) = dim X, ).
i

Hence, for each n there is a basis x}, x3,- -+, x%», of X, such that
d(n) d(n) d(n)
A"'(Z]a.-])é Yaxil=>|a
1 1 i=1

for any sequence {a:}{"” of scalars. It is our purpose to construct a sequence
{s(N)} of integers and a sequence {D(N)} of finite sets of integers where
D(N)C{1,2,3,---,d(s(N))} such that the following two conditions are
satisfied:

(*) the countable collection U 5. ,{xi™},enw, forms a basis equivalent to
the unit vector basis of /, (that is,

MDNHE

N=1 heD(N)

o

2 Z N' x(N

N=1 hED(N)

=273 3 la

N=1 heD(N)
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for all scalars a}, where 7 is a constant >0) and
(¥x) X = span U {x;(N)}heD(N).
N=1

These goals will be achieved by a limit process under which we will construct a
collection C of elements {i.} of /, (not necessarily of X) which have mutually
disjoint supports, have norm [|u.|| = i. These elements will certainly satisfy the
inequality

m

2 Al
1

for every m, every distinct a,, az, "+, a and any scalars a,, a,,- -, am. The
process is done in such a way that for each u, there is a basis element x, = x [’
such that |ju, ~x.[<3i for all @ and span {x.}= X. The above inequality
certainly implies that {x.} is a basis of X equivalent to the unit vector basis.
Unfortunately, the notations we use are quite complicated because we have to
pass to subsequences many times and we have to reorder the basis elements
X%, X%, , X In some uniform way.

First note that we may apply Proposition 3 to get for each n, disjoint sets
AT, Az, -, Al of integers such that

m

5;%:2:’0;’

xP= > xt(i)e|=e.

cean
icAT

M

Note that ¢ = e(A)—0as — 1. We may certainly assume that A ! is a finite set.
Next we fix n and i, 1 =i =d(n), and treat the basis element x7. For k > n,
X D X, and the basis {x}}{*’ of X, is “close” to the usual unit vector basis of
[{* Therefore, after suitable changes of the constants we can use Proposition
3, with x; replaced by x7 and e replaced by x*%, to get for each k > n mutually
disjoint subsets B7*, B3*,---, B3, of {1,2,---,d(k)} such that for each i,
1 =i =d(n), there are scalars {by}scpr« (where b, = b}) satisfying

S2-2[1-Q+2)(1- AN =p,

x'.'l - 2 kb,.xﬁ

heERT

2

where u =pu(A) >0 as A - 1.

Let
yh= 2 xi(ple

PEAL

and for k >n let

CH={heBM™: Y |yrp)lzi}.

pEAT
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Also, for each k >n and h € C™* put
2= 3 yi(ple,.
pEAT

Note that z;' depends also on n, but we will omit this additional notational
complication while bearing in mind the fact that this process is done for fixed n.
Clearly ||z =3, and since A§, N A+, = if h, # h,, we get that z/ and z % have
disjoint supports, i.e. zii(p)zkyp) =0 for all p. Also, for each k >n, 1 =i =
d(n) and

h € CM, z ' € span{e,}neuitmar

and since each A, 1=i=d(n), is a finite set we can select a subsequence
{k(m)}. - of integers such that for each fixed i, 1 =i =d(n), the number of
elements of C**™ is a constant N say, for all m =1 and there exist elements

ut, ut, -, u%- in I, such that

up'= lim, z4m"

and, for m =1 and 1=h = N9,

s~ 24 < 8
where 8 >0 is a given small positive number and q(h) is the hth smallest
member of C/*™. The above *‘separation” process of x? will be used in the
sequel for various values of n and i. We now need several estimates on the

distances between the elements mentioned above. It follows from (1) and (2)
that for kK >n we get the inequality

(3

yi— Z buyh

heBT*

=ut+e+ e

Hence, we have that

>

pEAT

yitp)— X kb,.y‘h‘(p) Su+e+Ae

heB?

and, therefore, the definition of C™ ensures that

3 Z buys

heBt-ct*

=Eupte+ e

It follows that for each k >n

4
@ yi-— Z b;.yﬁ

heCcT*

=5 +e+Ae)
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and therefore, in view of (1), we have that

) xi— 3 buxk

hechx

=5 +tetAe)te+Ae

=5u +6( + De.
Also, for m, m' = 1, if q(h) and q’(h) denote the h-smallest member of C
and CM” respectively, then
(6) 2 = 2§00 = lz ot — ui|
+llunt = z¥a) = 28.

Because [y — z&| =1, the inequality (6) yields the following
™ xaim = x oWl = xa®y — yail

+lya® — ze&@ I +llzew - 2@

+lzem = yemll+ ly e — x @l

=i+2e +26.

We also have that
() fluril =3

Let us now construct a sequence {s(m}} of integers, a sequence {B(m)} of finite
sets of integers and a sequence {C{(m)}. .. of collections C(m) of finitely many
elements of I, as follows. Put s(0)=1, B(0)={1,2,---,d(s(0))} and use the
above process with n =1 to select the subsequence {k(m)}, to be denoted
{k(0,m)}, as above. Then put

CO)= U {ul ..

i€B(0)

Let s(1)=k(0,1) and put

B()={1,2,-- L d(s(D\ U CiO=m,

ieBW)

repeating the above process for n = s(1). Select now a subsequence {k(1,m)}
of {k(0,m)} with k(1,1)>s(1), such that for each i € B(1) the number of
elements of C;"*"™ is fixed, N{" say,

SO _ (. k(Lmd
Uy " = liZamy
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where q(h) is the h-smallest integer in C;"*“™ and
i = 246 = 8

forallmz=1,i€B(1)and 1 =h =N;{". Now put

C)y= U {ui™pe.

i€B()

Next we put s(2)=k(1,1) and

l .
B2)={1,2,---.dsQ\ U U Ci"*®

j=0 i€B()
and use the above process for n = 5(2) to select the collection C(2). In general,
s(N+1)=k(N,1),

BIN+D={12.--d(s(N+ )} = LJ | Cio=n-n
i=1 (€8y)

and

CIN+)= U {upN-oanr,

i€BN+D

where we have that k(N +1,1)>s(N + 1) and

© Jlus™ =250 <8 forall
mz1l, i€EB(N+1) and 1=h= NN

We are now ready to show that X is isomorphic to /,. First note that
C = U7TC(N) is a collection of elements u of {, with norm ||Ju||=?} and the
construction ensures that any u,, u.€ C have disjoint supports, i.e.
ui(p)ux(p) =0 for all p. It follows from (8) that for any distinct u,, us, - -, u, €

C and any scalars ai, a»,- - +.a, we have that

(10) zl'ailz“Zaiui 232]0.’|.

However, foreach N,i€ B(N~1)and 1= h = N;™ " (q(h) € CiN "M ‘we
have by (9) and (1) that

(11 |

u — Xquh) Z q(hy

SN s(N) (N S(N)i
h = i = 258

+lez - vl

SINY _ L s(N)
+lly s X goml]

=6 +i+e.
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We can now put
D N — :(N—l),s(N)’
( ) iEBL(-IJI~I‘)C
then show that conditions (*) and (#*) are satisfied. Indeed, it follows from (10)
and (11) that for any n and any collection of scalars

n

) {a ;'.q};, €C{N-D.aN)
N=1 ieB(N-1)

we have that
(12) S5 S ay

N=1 ie ~ —
iIEB(N~1) hecf‘” D.s(N)

n

= alx;™
N=1 i€B(N-1) pgciN-ns)
n
= N 1
22 .3 5 jar)a-s-e,
N=1 i€B(N-1) peciiN-na
hence the collection
K=U {xh"(N)}heqs(N—l).r(N)
N=1 iEB(N-1)

forms in Y = span K a basis equivalent to the unit vector basis of /,. Y is a
subspace of X and we would like to show that Y = X. To do so it is certainly
enough to show that for each x € U X.w With x| =1, inf,ey [x —y[[S M <
1, where M is independent on x. Let

= Z‘::(N»aixi:(m
and assume that [[x||=1 (and hence ={“™”|a;| = A). Obviously

{1,2,-- -, d(s(N)I\B(N) = Dl U Cioem,

i=1 ieny)
where all the sets appearing in the union are mutually disjoint. Moreover, for
each 1=Ej=N-1, i€B(@) and 1=h =N{9""=Ni"™_ if q(h) and q’(h)
denote the h-smallest members of Ci9*%*? and C{*™ respectively, then, by
(7), we get that

(13) Ix 205" — x 30 = 3+ 26 +25.
On the other hand, for each i € B(N) we have, by (5), that

(14)

s(N N+1
X,~ ) — Z bhx ;( )
heCiMNIs(N+D

=Su+6(A+1)s.
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Put M = Max{A(+2e +28), A(5u +6(A + 1)¢)}, then we have by (13) and (14)
that

“x—Z > > axi- Y a

j=1 I€B(- D peosi-nsi i€B(N) (,.ec7<~).-(Nﬂ)

b,.xi.‘”*”) “ =M<,

This completes the proof of the theorem.
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